Abstract. Let p k (n) be the coefficient of q n in the series expansion of (q; q) k ∞ . It is known that the partition function p(n), which corresponds to the case when k = −1, satisfies congruences such as p(5n + 4) ≡ 0 (mod 5). In this article, we discuss congruences satisfied by p k (n) when k is a rational number.
Introduction
Let n be a positive integer. A partition of a positive integer n is a finite nonincreasing sequence of positive integers λ 1 , λ 2 , . . . , λ r such that
We denote the number of partitions of n by p(n). By convention, we set p(0) = 1. It is well known (see [13, Section 19.3] ) that the generating function of p(n) is (1 − aq n ), |q| < 1.
It was observed by S. Ramanujan [21] that p(n) satisfies the congruences p(5n + 4) ≡ 0 (mod 5), (1.1) p(7n + 5) ≡ 0 (mod 7), (1.2) and p(11n + 6) ≡ 0 (mod 11).
(1.3) For Ramanujan's discussion of (1.1)-(1.3), see [21, 22] . Let k be an integer and define p k (n) by Observe that p(n) = p −1 (n). When k is a positive integer, p −k (n) enumerates the number of multipartitions with k components of n [1] . The arithmetic properties of p −k (n) have been extensively studied. For example, A.O.L. Atkin [2] gave a list of congruences modulo arbitrary powers of 2, 3, 5 and 7 satisfied by p −k (n). B. Gordon [12] established congruences modulo arbitrary powers of 11 for p −k (n) for k ∈ Z. From their works, we know that there are many congruences of the form p −k (ℓn + r) ≡ 0 (mod ℓ), (1.5) where ℓ is a prime and 0 ≤ r ≤ ℓ − 1. I. Kiming and J. Olsson [17] proved that if ℓ ≥ 5 is a prime, 1 ≤ k ≤ ℓ − 1 and k / ∈ {ℓ − 3, ℓ − 1}, then a congruence of the form (1.5) exists only if k is an odd integer and 24r + k ≡ 0 (mod ℓ). M. Boylan [5] has found all possible congruences of the form (1.5) when k is a positive odd integer not exceeding 47. Recently, by using the theory of modular forms, M. Locus and I. Wagner [19] obtained some congruences of the form (1.5) for positive integer k with some restrictions on ℓ and r.
Around 2003, S.T. Ng [20] , under the suggestion of the first author, considered p k (n) defined in (1.4) when k is a negative rational number. He proved, using the theory of modular forms, that for any n ≥ 0, p −2/3 (19n + 9) ≡ 0 (mod 19) .
(1.6)
It was also mentioned in [20, 26] that Y.F. Yang showed in an unpublished work that for any n ≥ 0, p −1/2 (17n + 11) ≡ 0 (mod 17).
(1.7)
In this article, we prove numerous congruences satisfied by p k (n) when k is a rational number. We first introduce some notations. For any real number x, we denote by ⌊x⌋ the integer part of x. For any integer n and prime p, we use ord p (n) to denote the integer m such that p m |n and p m+1 ∤ n. For any rational number x, we write it in reduced form x = u/v with u, v ∈ Z, gcd(u, v) = 1 and v ≥ 1, and we denote denom(x) = v to be the denominator of x. In the following theorem, we determine the denominator of p k (n). 11) we observe that the denominators of p −1/2 (n) and p 1/3 (n) are powers of 2 and 3, respectively. From Theorem 1.1, we know that it is meaningful to study congruences modulo m satisfied by p a/b (n) for any positive integer m such that gcd(m, b) = 1. By using the known series expansion of (q; q) d ∞ where d ∈ {1, 3, 4, 6, 8, 10, 14, 26}, we obtain the following result: 
Then for
Then by setting (d, ℓ, r) to be (4, 5, 4), (6, 7, 5) and (10, 11, 6) , we obtain Ramanujan's congruences (1.1), (1.2) and (1.3), respectively. Since the arithmetic properties of p k (n) when k ∈ Z have already been extensively studied, we will concentrate on the cases when k ∈ Q − Z. In this direction, Theorem 1.2 gives many explicit congruences. For example, we have Besides these congruences implied by Theorem 1.2, we also discover several congruences modulo powers of primes. A sample of such congruences are as follows: The paper is organized as follows. In Section 2, we give proofs to Theorems 1.1 and 1.2. In Section 3, we present many congruences satisfied by p a/b (n) where 1 ≤ |a| < b ≤ 5 modulo primes or prime powers. Our study of functions p k (n), with negative rational numbers k, also leads to new proofs of Ramanujan's congruences (1.1) and (1.2).
The partition function p(n) satisfies congruences associated with prime powers involving primes 5, 7 and 11. Our motivation in studying p k (n) is to find congruences modulo prime powers ℓ s with primes ℓ > 11. An example of such congruences is that for any n ≥ 0, p −1/2 (289n + 283) ≡ 0 (mod 289).
(1.23)
Many other such congruences are presented as conjectures in Section 3.
2. Proofs of Theorems 1.1 and 1.2
In this section, we prove Theorems 1.1 and 1.2.
Proof of Theorem 1.1. Note that
We deduce, using the generalized binomial theorem, that
We want to show that
forms a complete set of residues modulo p t . Therefore, if 0 ≤ r < p t , then r will appear n p t times when the integers in the set
are written in terms of their least non-negative residues modulo p t . So the set S contains at least n p t integers divisible by p t . This implies that
Therefore, we deduce that for any prime p, the order of p dividing n! cannot be greater than the order of p dividing the left hand side of (2.3). Hence (2.3) holds.
From (2.2) and (2.3), we find that denom(c a/b (n)) divides b 2n−1 . Therefore, any prime factor of denom(c a/b (n)) divides b. Moreover, since gcd(a, b) = 1, we find that
is not divisible by p for each prime p|b. By (2.2), we deduce that
For each prime p|b, we deduce from (2.4) that
where for the second last inequality of (2.6), we used the fact that
and for the last inequality of (2.6), we used the fact that
We observe that equality in (2.6) holds only if the equality in (2.8) holds. Since m 1 < m 2 < · · · < m r , we know that this happens only if r = 1, m 1 = 1 and n 1 = n. In this case, we do have
Hence, in the sum on the right side of (2.5), the order of p of the denominator of each term is at most nord p (b) + ord p (n!) and exactly one term achieves this maximal order. Therefore, we have
This proves the theorem since any prime divisor of denom(p a/b (n)) also divides b.
To prove Theorem 1.2, we need the following lemma.
and for any positive integer t,
Proof. It suffices to prove (2.11) since (2.12) follows from (2.11). By the binomial theorem and the fact that for any 0 < j < p,
we have
By induction on j, we deduce that
where F (x) is a power series in x with integer coefficients. From the proof of Theorem 1.1, we know that the denominator of c a/b (n) (in reduced form) divides b 2n−1 , and hence is not divisible by p. Therefore,
We are now ready to prove Theorem 1.2.
Proof of Theorem 1.2. Since ℓ|(a + db), we may let a + db = ℓm for some integer m. Next, gcd(a, b) = 1 and ℓ|(a + db) implies that gcd(ℓ, b) = 1. Since gcd(ℓ, b) = 1, by Lemma 2.1, we find that
We now present our proof with respect to the values of d. 
Now, observe that if and only if 6i + 1 ≡ 0 (mod ℓ) and 2j + 1 ≡ 0 (mod ℓ). Using (2.21) and comparing the coefficients of q ℓn+r on both sides of (2.14), we obtain (1.12).
Case d = 6: We deduce from (2.18) that (q; q) 22) Observe that
If ℓ ≡ 3 (mod 4), then
if and only if 2i + 1 ≡ 0 (mod ℓ) and 2j + 1 ≡ 0 (mod ℓ). Congruence (1.12) follows by comparing the coefficients of q ℓn+r on both sides of (2.14).
Case d = 8: We need the following identity (see [18] ) (q; q)
Suppose 3m + 1 and n are non-zero modulo ℓ. Then 3N + 1 ≡ 0 (mod ℓ) implies
for some integer u. But since ℓ ≡ 5 (mod 6), we have 
We observe that N = (4(3m + 1)
is equivalent to 12N + 7 = 4(3m + 1)
If ℓ ≡ 5 (mod 6), then
if and only if 3m + 1 ≡ 0 (mod ℓ) and 4n + 1 ≡ 0 (mod ℓ). The congruence p −a/b (ℓn + r) ≡ 0 (mod ℓ) now follows from the comparison of the coefficients of q ℓn+r on both sides of (2.14).
Case d = 26: Let 
Note that 16308864 = 2 7 · 3 4 · 11 2 · 13. Using (2.27) and comparing the coefficients of q ℓn+r on both sides of (2.14), we obtain (1.12). [14, 16] and L. Winquist [25] . These formulas for (q; q) 10 ∞ were also discussed in [10] .
Explicit Congruences for p k (n) where k ∈ Q\Z
In this section, we give explicit congruences for p −a/b (n) with 1 ≤ |a| < b ≤ 5. Most of these congruences are special cases of Theorem 1.2 but there are some congruences which require more technical arguments.
First, we present some explicit congruences satisfied by p −a/b (n) where 1 ≤ −a < b ≤ 5. Proof. Except for congruence (3.18), other congruences follow from Theorem 1.2 with suitable parameters given in Table 1 . Table 1 . We now prove (3.18). By Lemma 2.1, we find that
Observe that N = 3m 2 + 2m + 3n 2 + n is equivalent to 12N + 5 = (6m + 2) 2 + (6n + 1) 2 .
Since −1 7 = −1, we know that
if and only if 3m + 1 ≡ 0 (mod 7) and 6n + 1 ≡ 0 (mod 7). Using (2.24) and comparing the coefficients of q 7n+6 on both sides of (3.28), we obtain (3.18).
Numerical evidences suggest that the following congruences hold. Proof. Except for the congruences (3.38) and (3.42), other congruences follow directly from Theorem 1.2 with suitable parameters given in Table 2 . Now we prove (3.38). By Lemma 2.1, 
Hence, τ (7n) = −16744τ (n) − 7 11 τ (n/7) ≡ 14τ (n) (mod 49). (3.63) Extracting the terms of the form q 7n on both sides of (3.62), replacing q 7 by q and using (3.63), we deduce that
which implies, by Lemma 2.1, that
Hence, 
where σ 3 (n) = d|n d 3 . We claim that if the residue of n modulo 7 is 3, 5 or 6, then σ 3 (n) ≡ 0 (mod 7). Indeed, in these cases, n cannot be a square number and n 3 ≡ −1 (mod 7). Therefore, when n ≡ 3, 5 or 6 (mod 7), we find that
where the last congruence follows from Fermat's little theorem. By (3.65) we deduce that
Using this result and (3.64), we deduce that
The congruences in (3.38) are proved. Next, we prove (3.42). By Lemma 2.1, we find that As an interesting application of the congruences in this section, using (3.41) and (3.45), we can give a new proof of (1.1). 
Proof. Since
Note that for any integers k and n, either the least non-negative residue of k modulo 5 belongs to {2, 3, 4} or the least non-negative residue of 5n + 4 − k modulo 5 belongs to {3, 4}. Hence by (3.41) and (3.45), we always have
This proves the corollary.
Similarly, by using (3.37) we give a new proof of (1.2). Proof. Since It is easy to verify that ord 17 (a 1 ) = 3, ord 17 (a i ) = 2, 2 ≤ i ≤ 6. From (4.5) and (4.7) we complete the proof of (3.71).
While we believe that this method is applicable to most of the congruences in Conjectures 3.1 and 3.2, we are not sure if one can establish these congruences without the use of modular forms.
Concluding Remarks
Ramanujan's original proofs of (1.1) and (1.2) (see [21] ) involve the fourth and sixth powers of (q; q) ∞ . In 1969, Winquist [25] discovered an identity for (q; q) 10 ∞ and gave a proof of (1.3) which is in the spirit of Ramanujan's proofs for (1.1) and (1.2). Recently, Hirschhorn [15] gave a simple proof of (1. where A(m, n) is a polynomial in m and n and Q(m, n) is a degree 2 polynomial in m and n. In 1985, J.P. Serre [24] showed that if d is even, then (q; q) d ∞ can be expressed in the form given by (5.1) if and only if d = 2, 4, 6, 8, 10, 14 and 26. The proof of a series representations for (q; q) 26 ∞ was given for the first time in [24] although the identity in a different form was first discovered by A.O.L. Atkin (see [11] ). For alternative representations of (q; q) 26 ∞ , see the works [6, 7] by Chan, S. Cooper and P.C. Toh. In this work, we return to Ramanujan's original idea and derive congruences satisfied by p k (n) for certain rational number k from the series representations for (q; q) d ∞ . In particular, it seems that this is the first time that expansions of (q; q) 14 ∞ and (q; q) 26 ∞ are associated to congruences analogous to Ramanujan's partition congruences (1.1)-(1.3).
